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TWO LOGICS OF OCCURRENT BELIEF

1. This paper presents two systems, 2.0 and 2.1, of modal logic which,
from the formal point of view, are contained in the Lukasiewicz’s modal system
L. These systems may be interpreted as epistemic logics. We argue that each of
the systems 2.0 and X.1 may be regarded as a logic of occurrent belief and
admitting. If 2.0 and Z.1 are viewed from this perspective, the difference be-
tween them lies in the fact that X.1 imposes stronger conditions of rationality
on the (epistemic) agent in question.

We shall start from the presentation of the system X.0 and then we shall
discuss its proposed epistemic interpretation. This discussion will lead us to the
system 2.1.

Let us add that the system X.0 was constructed for different reasons
(cf. [10]) and thus also has other epistemic interpretations.

2. Both 2.0 and X.1 are based on the classical propositional calculus
(CPC) and are worded in the same formal language L. The language £ contains
the propositional variables p, p,, p,, ..., the classical connectives 7 (negation),
> (material implication), A (conjunction), v (disjunction), = (material equiv-
alence), brackets (, ), and two modal operators: S, D. The set of well-formed
formulas of £ (wffs for short) is the smallest set which contains all propositional
variables and fulfills the following conditions: (i) if 4 is a wff of £, then 1 (A4),
S(A) and D(A4) are wiffs of £; (ii) if 4, B are wffs of £, then
(4) = (B), (4) A(B), (A) v (B), (A) = (B) are wifs of £ We will use the letters 4,
B, C, E as metalinguistic variables for wffs of 2. We adopt here the usual
conventions concerning omitting brackets.

Let Taut be the set of all wifs of £ which result from the theses of CPC by
uniformly replacing the propositional variables by wffs of 2. Axioms of the
system 2.0 are wifs of £ of the following forms:

Ax.0. A, where Ae Taut,

Ax.1. $(4> B)>(S(4) o S(B)),

Ax.2. S(AAB)> S(A)AS(B),
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Ax.3. S(A)AS(B) > S(AAB),

Ax4. S(A) > D(A4),

Ax.5. §(A) > 1D(714),

Ax.6. D(A4) > 1S(71A4).

The only rule of inference of X.0 is modus ponens (MP):

A=:B
A

B
One remark is in order here: contrary to appearance, the axioms Ax.2 and
Ax.3 are not superfluous. The system 2.0 does not contain theses of the form
S(A) (see below); thus S(A) is not a thesis of Z.0 even if A € Taut and hence the
axioms Ax.2 and Ax.3 cannot be derived from the axiom Ax.1 in the usual way.
We can prove that the following are (schemes of) theses of the system 2.0:
(T1) S(AAB)> S(4),
(T2) S(4AB)> S(B),
(T3) S(4) > 18(114),
(T4) S(T14) 2 1S(A),
(TS) 1S(AA T14),
(T6) S(A)AS(A o B) > S(B),
(T7) S(A> B)AS(B> C) > (S(4) = S(0)),
(T8) S(AvB)A 11S(AAB) = 71S(A4) v 1S (B),
(T9) S(AAB)=S(4)AS(B),
(T10) S(A > B)A1S(B) =2 1S (4),
(T11) S(4A > B)AS(1B) = 71S(4),
(T12) S(A > B)AS(4) 2 1D(71B),
(T13) S(A=> (B2 C)AS(A)AS(B) > S(O),
(T14) 1D (4) = 71S(A),
(T15) D(14) = 71S(A4),
(T16) S(1A4) > 1D(A).
We can easily find further examples of this kind.

3. Let us now examine some properties of the system X.0.
Let

wl,_ﬁ <{1’ 29 3v 0}’f—|’ f:,s fn‘fv!fE!fS’ fl)a {1}>
be a four-valued matrix (with 1 as the designated value) such that f_,f ,f,.f,,
f=, fs, fp, are defined by the tables:

i f-1230 f,1230 f, 1230

10 1 1230 1 1230 1 1111
23 2 1133 2 2200. 2 1212
32 3 1212 33030 3 1133
01 01111 0 0000 O0 1230
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faiel A fy ool
1 1230 12 11
2 2103 22 21
3 30 12 30~ 33
0 0032109 03

We can verify the following:
COROLLARY 1. Each thesis of the system X.0 is satisfied by the matrix M, .

The matrix 9, is an adequate matrix for the Eukasiewicz’s modal
system L (cf. [3]-[5]). Thus, from the purely formal point of view, the system
2.0 is included in the Lukasiewicz’s system L.

As an immediate consequence of Corollary 1 we get

FAcT 1. The system X.0 has no theses of the form S(A).

It follows that the analogue of rule of necessitation is not derivable in 2.0
and that X.0 is not closed under this rule.
Let
M* = <{11 2.3, O}af—p f:,a f/\’ fv > f;a fS*s fl;k-.- {1}>

be a four-valued matrix (with 1 as the designated value) such that f_, f , f,,
f., f- are defined as above, but f¥, fi¥ are defined by the tables:

O W N -
oowm;‘;
O W ) =

O W WGy

We can verify the following
COROLLARY 2. Each thesis of the system 2.0 is satisfied by the matrix I *.

This result has some interesting consequences. First, we have
FAcT 2. The system X.0 has no theses of the form D (A).

Thus, looking from the formal point of view, the system 2.0 is a subsystem
of the system LE; the latter contains int. al. theses of the form M (4), where

M stands for “it is possible that”.
We can show that the following wffs of £ are not satisfied by the matrix 9t *:
() S(p)vS(p),
(2) S(p) = p,
3) p= S,
4 p>=D(p),
(5) D(p) = p,
(6) D(p)vD(T1p),
(7) 7D (p) = S(p),
(8) 1S(1p) = D(p).















